EPFL- Fall 2025 Differential Geometry L: G. Moschidis
Series 10 Curves and surfaces 14 Nov. 2025

10.1 Let M C R" be an m dimensional submanifold of class C* and let &/ C R™ be an open set such
that M NU # 0. Show that M N is also an m dimensional submanifold of class C*.

Solution. This is a simple application of the definition of a submanifold. Let p € M NU. Recall
that, since M is a C* submanifold of R”, there exists an open set ¥V C R" with p € V and a
C* diffeomorphism ¢ : V — V' C R” and an m dimensional vector subspace £ C R" such that
d(MNY)=FENV. Let us now set W =V NU (this is a non-empty neighborhood of p € M NU,
since both open sets contain p) and W' = ¢(V NU). Then 1p = ¢ppqyy : W — W' is a diffeomorphism
and satisfies for any B C V:

V(BNU)=¢(B)NW

(that’s an easy exercise). In particular, Y (M NW) = ¢y M N (VNU)) = ENW'. Hence, MNU
is a C* submanifold of R” of dimension m.

10.2 (a) First, let’s recall some notions from linear algebra: Explain why the volume of the paral-
lelepiped P C R™ constructed on the vectors by, ..., b, € R™ satisfies

Vol(P) = /det(G),
where G is the Gram matrix of by, ..., b,, (i.e., the matrix whose coefficients are the inner
pI’OdUCtS gi; = <bz, bj>)

(b) Let ¢ : Q — M be a C'! local parametrization of the submanifold M C R", where Q C R™
is open and let G be the associated metric tensor. Informally explain (using the previous
part) why \/det(G(u))du; .. .du,, is “reasonable” as an expression for the volume of the
infinitesimal coordinate parallelepiped around v (u) on M.

(c) Show that the volume of ¢ (£2), namely

/Q Vdet(G(u))duy . . . duy,

is invariant under changes of parametrization, i.e. if h : Q' — Q is a C! diffeomorphism
and G’ is the metric tensor associated to ¢’ = 1 o h, then

/Q/ Vdet(G'(w))duf . .. du], = /Q Vdet(G(u))duy . . . duyy,.

Solution. (a) In the planar case m = 2, the area (i.e. 2 dimensional volume) of a parallelogram is

Area(P) = v/[[ba[[2[[b22 — (b1, b2)2.

In general, the oriented volume of parallelepiped P is the determinant of the matrix B whose
columns are the coordinate vectors of the b; in the canonical basis:

Volo,(P) = det(B), B = (b)), b;= Z bije.
=1
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But since G = B' B, we have
det(G) = det(B" B) = det(B ") det(B) = det(B)? = Vol(P)*.

(b) If we formally denote by du = (duy,...,du,) an infinitesimal line segment in the Q plane
(connecting the infinitessimally close points u and u+ du), then the image of that through ¢ (namely
the infinitesimal segment connecting ¥ (u) to ¢ (u+du)) is given by dip(u) = >, g—idui = > bidu,.
So, in particular, if we look at the (infinitesimal) coordinate parallelepiped around (u) (this is
the image of the parallelepiped with sides e; = (Auy,0,...,0), ..., e, = (0,...,0,Au,) via 9),
its sides are f; = bijAuq,...,f, = b,Au,. The Gram matrix of these vectors has components
(fi, ;) = (bi,bj) Au;Auy = g;;Au;Auy. Tt is easy to see that the square root of the determinant of
this matrix is \/det(G)Au; ... Au,,.

(c) To this end, we will have to make use of the change of variables formula for integrals in

many dimensions: Recall from Analysis 1T that if & : 2 = (z1,...,2,) = v = (Y1,...,Yn) =
(¢1(x),...,dn(x)) is a change of variables, then for any domain & C R and any continuous function
f:

(67 (W) dyr ... dyo = / £(x)] det(DP)|dzy ...,
dU) u

where det(D®) is the determinant of the Jacobian of the transformation:

oy O Oy
8$1 8$2 e Oxn
D= | Q2 9 :

8%1 83:2

Note that since
D(® )], = (D®|g-1(y) "

(this follows easily by differentiating the relation ® o ®~1(y) = y), the above relation is equivalent to
the following (as can be seen by applying the above relation to the function f(z)/|det(D®)(x)| in

place of f(x)):

/ £(2)| det(DD)|dery . .. der, = / F(D ()] det(D(®1)) ()| dys - . . dy.
u d(U)

Recall also that, if h : QO — Qis a C! diffeomorphism and G is the metric tensor associated to
the parametrization ¢ : 2 — M, while GG’ is the metric tensor associated with the parametrization
V' =1oh:Q — M, then G and G’ are related by

G'(z) = DA™ () - G(h(z)) - Dh(z) for all z € .

Therefore, we can immediately calculate after doing the change of variables v’ = h™(u) for u € Q:

/Q VAt (Gw) duy ... duy = /h _I(Q)\/det(G(h(u’)))\det(Dh)(u’)|du’l...du;
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= // \/det ((Dh(uw)=1)T - G'(«') - Dh(u')~")| det(Dh) ()| du . . . du),

\/ det(Dh)(u")~1)2 - det(G'(v))| det(Dh)(u)| duf . . . dul,
/ /-t (G/(a))| det (Dh(w)~Y)| det(Dh(w'))| dud, . . . dd,
= /, V- det(G'(v)) duf . .. du]

10.3 Prove that the area of a regular parametrized surface ¢ : Q — S C R3 of class C! can be
computed by the formula

Area(S du dv.

Solution. Using Lagrange’s identity
Ha X bH2 = [lall*1bl]* = (a,0)*,

with the usual notation b; = by = =, we obtain

Area(S :/ det(G) dudv = £/ g11G22 — g% du dv,
(S) LV (@) \/ 911922 — 91

we obtain the desired expression.

Bu’

8w 81&
0u v

= d11922 — 9%2~

Since, by definition,

10.4 Let f : [a,b] — R be a C* function and let S be the surface of revolution in R?* obtained by
rotating the graph of f around the x-axis. Prove carefully that

b
Area(S) = 27?/ VI1+(f'(x)?]|f(x)| de.

Solution. We parametrize the surface by

Y(x,0) = (z, f(z)cosh, f(z)sinb), z € [a,b],0€[0,2m)

Tangent vectors:

= (1, f'(x) cos O, f'(z)sinh), by = (0, —f(z)sin @, f(x) cosb).
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Metric (computed by g;; = (b;, b;)):

g =1+ f/<x>27 g2 =0, oo = f(ﬂl?)2

Thus, we compute

b p2w b p2m b p2m b
Area(S):/ i \/det(g)dedm://o \/gllggg—g%Qdex:/ i \/1+f’(x)2\f(x)\d9dx:27r/ V

10.5 (a) Give a maximal open domain on which polar coordinates define a diffeomorphism 1 :
(r,0) = (z,9).
(b) Compute the associated metric tensor.

(c) Deduce from it the formula for computing the area of a domain in polar coordinates.

Solution. (a) The map
W(r,8) = (rcos,rsinf)

defines a diffeomorphism between
Q={(r,0)|r>0, —m<0 <}
and
U={(r,y) eR*|y#0orz>0}=R\{(x,0) |z <0}
(b) We compute:

0 .
b = a—f = (cos#,sinf), by

oy

=50 = (—rsinf,rcosf).

Thus
g1l = 1, g12 = 0, g2 = 7“2~

G(r,0) = ((1) 7?2) .

(¢) Let V be a domain in R?. Its area in polar coordinates should then be

Area(V) = / Vdet(G(r,0)) drdd = / rdrdf.
P=HY) Y-

V)

So the metric is

As a sanity check, if V is the disc {z* + y* < R?} (which in polar coordinates is the set ¥ ~1(V) =
{r < R}), we compute:

2r rR
Area(V) = / rdrdd = / / rdrdf = 7 R?
1Y) o Jo

(as expected).
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10.6 Consider the helicoid defined by
S = {(x,y,2) € R® | zsin(z) — y cos(z) = 0}.

(a) Prove that the helicoid is a ruled surface (see Ex. 9.5) and describe the geometry of this
surface.

(b) Show that the map
Y(u,v) = (veosu, vsinu, u)
defines a (global) diffeomorphism between R? and S.

(c) Compute the metric tensor associated with this parametrization

Solution. (a) The surface is defined by S = f~1(0) where f(x,y,2) = rsinz — ycos z. Its gradient
never vanishes:

Vf = (sinz, —cos z, 1 cos z+ysin 2), || Vf||* = sin® z4cos® z-+(x cos z+ysin 2)* = 1+ (x cos z+ysin 2)* > 1,

so S is a regular 2-dimensional submanifold.
For fixed ¢, the intersection {z = ¢} N S is given by

z=c¢, xsinc—ycosc=0,

which is a straight line in R3. Thus each point lies on a straight line contained in S, so S is ruled.
Geometrically, a horizontal line rotates at constant speed while moving along the z-axis.

(b) The process we are going to follow in this exercise can be used in general to verify that a
given map is a parametrization.

For the map v (u, v) we compute

x(u,v) sin(z(u, v)) — y(u,v) cos(z(u,v)) = veosusinu — vsinucosu = 0,

so ¥(u,v) € S.
Moreover, ¥ : R? — S is 1 — 1 and onto. To see this, the easiest way is to try to solve directly for
the inverse map: Consider the map ¢ : R — R? defined by

T z) = <Z’ cosz>7 if COS(Z) 7£0’
o {(Zv L), if cos(z) =0

sin z

(note that this is a well defined map, since if cos(z) = 0 then sin(z) # 0). It is then easy to check
that, for all (x,y,z) € S (i.e. satisfying x sin z = y cos z) we have

w O¢(x7y7 Z) = ('T7y7z> and ¢O¢(u7 U) = (u7v)

(so the map 1) is onto S) and for all (u,v) € R?,

¢o w(ua U) = (uv U)
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(so the map 1 is 1-1). In particular, ¢|g = .

Since we already established that 1 is 1 — 1 and onto and we have constructed its inverse, in
order to show that its a diffeomorphism (say of class C') we have to show that both ¢ and ¢! are
of class C'. Tt is easy to check that ¢ is in fact C°° (just from its explicit expression). Verifying the
same for 1! directly is much harder. Instead, we will use the inverse function theorem: It suffices
to show that, at every point p € R?, the differential di, : T,R* — Ty, S is surjective. If this is the
case, then the inverse function theorem would imply that, locally around p, ¢ is a diffeomorphism
on its image; this implies, in particular, that the inverse 1~ is C' around (p). Since this is true at
every p and ¢(R?) = S, we infer that ¢~ is C! everywhere.

Since dimTy,)S = 2, in order to show that di, : T,R* — Ty, S is surjective, it is enough to
show thatdy,, when viewed as a linear map into R® has rank 2, (i.e. that ¢ is an immersion). We
can easily compute that the Jacobian matrix of ¢ is

—vsinu  cosu
Di(u,v) = | vcosu sinu |,
1 0

which has rank 2 everywhere.

Remark. From the above, it immediately follows that in fact ¢ is a C*° diffeomorphism. This is a
corollary of the following fact (which you can easily show by computing higher order derivatives of
the inverse of a function): Let &,V C R" be open domains and f : U/ — V be a C* function which is
1 — 1 and onto. If f~1is of class C*, then it is also of class C*.

(c) We compute:
0v %

=50 = (—vsinu, vcosu, 1), by = — = (cosu, sinu, 0).
u

b
! ov

Thus
g =1 + 0% g12 = 0, g2 = 1.

Gu,v) = (”0“2 ‘D

10.7 The catenary is the graph of the hyperbolic cosine, i.e., the curve «(t) = (¢, cosht). This also
happens to be the shape of a chain hanging from its two endpoints (deriving the shape of such
a chain is an easy exercise in the context of a physics course).
(a) Show that the curvature of « is given by k(t) = 1/ cosh?(t).
(b) Compute the evolute of « (this curve is called a tractriz).

(c) Compute the arc length of the catenary from the initial point «(0) = (0, 1), then give the
natural parametrization of a.

Page 6



EPFL- Fall 2025 Differential Geometry L: G. Moschidis
Series 10 Curves and surfaces 14 Nov. 2025

(d) The surface of revolution of the catenary around the x-axis is called a catenoid. Compute
the metric tensor of the catenoid (preferably using the natural parametrization of the
catenary).

Solution. (a) Using
Fij— &
(i,z + 92)3/2
for x(t) = t,y(t) = cosht, one obtains (t) = 1/cosh®t.
(b) The evolute is

K =

A(t) = a(t) + pt)N(t).
Here p(t) = 1/k(t) = cosh®t, and the normal vector is

(—sinht, 1)

N =
cosht

Thus
p(t) = (t — coshtsinht, 2cosht).

(¢) The velocity vector is
7(t) = (1,sinh(t))
So the speed is:
Va(t) = cosht.

Thus arclength:
t
s(t) = / cosh 7 dr = sinh .
0

So the natural parametrization is

5 <sinh_1 s, m> = (log(s +V1+s2), V1+ 52> .

(d) The catenoid parametrization via revolution:

(s, 0) = <log(s—|—\/l—|—52), V1 + s2cosé, \/1—1—5231116).

Gls,0) = ((1) 14?52)'

Remark. Note that the expression of the metric is the same as for the helicoid in the previous
exercise (up to exchange of the coordinates)! In particular, the two surfaces are locally isometric
(but not globally isometric).

Metric:
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10.8 Let S, C R? be the sphere of radius a > 0 centered at the origin. The stereographic projection

is the map

7m:8,\{(0,0,a)} = R?
which sends a point p = (x,y, 2) # (0,0,a) to the unique point ¢ in the plane R? such that the
three points (0,0, a), p, and g are aligned (we view R? as the plane {z = 0} in R3).

Let ¢ : R? — S, denote the inverse stereographic projection.

(a) Find an explicit formula for ¢ and show that 1 is a regular parametrization of S, \
{(0,0,a)}.

(b) Compute the associated metric tensor.

(c) Is this parametrization conformal?

(d) Prove that stereographic projection defines a homeomorphism between the sphere and the
Alexandrov compactification of R2.
(The Alexandrov compactification of R? is the set R? = R?> U {oo} with the topology

for which every neighborhood of a point of R? is also a neighborhood in @2, and the
complements of compact subsets of R? form a neighborhood basis of the point co.)

Remark. Sometimes one defines stereographic projection onto a plane other than the equatorial
plane; in particular, one often projects onto the tangent plane at the “south pole” (0,0, —a).

Solution. (a) We organize the computation carefully. Let ¢ (u,v) = (z,y,2) be the point on the
sphere S, aligned with (u,v,0) and (0,0, a). Because stereographic projection is equivariant under
rotation about the z—axis, it is convenient to denote

r=Vu+02, p =%+
From Thales’ theorem and the Pythagorean identity,

r P
r_ 7 24t =a
a a—=z

Thus
rr P a? -2 a+z

a2 (a—2)?2 (a—2)? a—2z

Solving for z gives

(1. 0) r? —a? u? 4+ 0% —a?
2(u,v) = a =a .
) T’2+CL2 U2+7)2—|—6L2
Then
_(a—2)r 2a°r
P= a w2 402+ a?’
and therefore
pu 2a%u 2a%v
r(u,v) =—= 55— y(u,v) =

r u? +v2 +a?’ u2 + 02 + a2
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Let
1

New) = e

The parametrization becomes
Y(u,v) = Au,v) (2au, 2a°v, a(u® +v* — a?)).

One may verify directly that ||¢(u,v)|| = a, so the image lies on S,. Regularity will follow from
the computation in part (b).
(b) We compute the metric tensor. First note:

O\ O\

ou “ v !
After calculation one finds the tangent vectors:
0
by = %% = 2a’\*(a® — u? + 0%, —2uv, 2au),
ou
0
by = a—w = 20’ \*(—2uv, a® +u? —v?, 2av).
v
A direct computation shows
(by,by) = 0.

Moreover,
g1l = <blabl> = 4a4)\2, goo = <b2,bg> = 4a4)\2.

Thus the metric tensor is

Gu, v) = 4a*M(u, v)’ ((1] (1’) ,

or in differential form,
4a* (du? + dv?)
(a2 + u? + v2)*

Because the tangent vectors b; and b, are linearly independent at all points, the parametrization
is regular.

(c) The metric is a scalar multiple of the Euclidean metric, hence angles are preserved. Therefore
the stereographic parametrization is conformal.

(d) From the definition of the Alexandrov compactification, it suffices to verify that

ds® =

lim ¢(u,v) =(0,0,a).

(u,v)—00

Geometrically this is clear (points in the plane far away project close to the North pole), and it is
also confirmed by the explicit formulas above.
Thus stereographic projection induces a homeomorphism

Sq — U/QE, (0,0,a) <> oo.
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